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Abstract 

We show here the separabihty of Hamilton-Jacobi equation for a 
hierarchy of integrable Hamiltonian systems obtained from the con- 
strained flows of the Jaulent-Miodek hierarchy. The classical Poisson 
structure for these Hamiltonian systems is constructed. The associ- 
ated r-matrices depend not only on the spectral parameters, but also 
on the dynamical variables and, for consistency, have to obey the clas- 
sical Yang-Baxter equations of dynamical type. Some new solutions of 
classical dynamical Yang-Baxter equations are presented. Thus these 
integrable systems provide examples both for the dynamical r-matrix 
and for the separable Hamiltonian system not having a natural Hamil- 
tonian form. 
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1 Introduction 



The separability of Hamilton- Jacobi equation and classical Poisson structure 
for finite-dimensional intrgrable Hamiltonian system (FDIHS) play an im- 
portant role in our constructing of solutions and understanding of complete 
integrability for FDIHS |jl|, ^. More resently, interest bas developed in the 
study of FDIHS admitting a dynamical r-matrix which depends not only on 
the spactral parameters but also on the dynamical variables 0, ^, |^. For 
example, the celebrated Calogero-Moser system has been found only recently 
to possess a dynamical r-matrix |Q. As for the separability, some FDIHS's 
were shown to be separable in polar, cartesian, spherical, generalized ellip- 
tic and generalized parabolic coordinates, respectively, introduced by using 
the Lax representation J^, |^, 0, or Painleve expansion |T^. However, so 
far all studied separable Hamiltonian systems have been of the natural form 

H =lEpl + V{qi,---,qn). 

In this paper we consider a hierarchy of FDIHS's obtained from the con- 
strained flows 1^ of the Jaulent-Miodek hierarchy. The Lax representation 
for this hierarchy of FDIHS's can be deduced from the adjoint representation 
of the associated eigenvalue problems. By means of the Lax representation, 
we construct the classical Poisson structure for these FDIHS's. It turns out 
that the associated r-matrices are of dynamical type, and, for consistency, 
have to obey the classical, dynamical Yang-Baxter equations. Some new 
solutions of classical dynamical Yang-Baxter equations are presented. The 
Hamiltonian for these FDIHS's is not of the natural form except the first 
two members of the hierarchy. We show the separability of Hamilton- Jacobi 
equations in new canonical coordinates introduced via the Lax representa- 
tion. Thus these FDIHS's provide examples both for dynamical r-matrix 
structure and for separable FDIHS's not having a natural Hamiltonian form. 



For the following Jaulent-Miodek (JM) eigenvalue problem |T2 
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the associated JM hierarchy is of the form 
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The constrained flow of @ consists of rephcas of ([l|) for distinct Xj 
and of restriction of the variational derivatives for conserved quantities i/^g 



(for any fixed ko) and Xj [|^, [Tj, [15 
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Hereafter we denote the inner product in R'^ by < ., . > and 

^1 = (^11,- ■ ■ ,'0iAr)'^, ^2 = (^21, ■ ■ ■ ,^2Ar)^, A = diag{Xi,- ■ ■ ,Xn)- 

(6) 

It is shown in ||TT| that the system (^) is invariant under all flows of and 
can be transformed into a finite-dimensional integrable Hamiltonian system 
(FDIHS) by introducing the so-called Jacobi-Ostrogradsky coordinates. The 
Lax representation for (^), which can be deduced from the adjoint represen- 
tation of (|ip, is of the form |TT| 
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We present the first and the third systems of (§) below, 
(a) When fco = 0, we have 



and 
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i < ^2 > +1 < A^^i, ^1 > -i < ^1, ^1 >< A^i, ^1 > 



+1 < ^1,^1 >3 . 
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(b) When ko = 2, by introducing the following Jacobi-Ostrogradsky coordi- 
nates: 
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gi = q, q2 = r, pi = -—Qxq - -rx, P2 = 

lb 8 

system (^ can be written in canonical Hamiltonian form 
dH2 dH2 , dH2 
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H2 = -8piP2 + j^ql + ^qfq2 + Iqiql + l^qipl + | < ^2, ^2 > 
+ \ < A^^i, ^1 > -\qi < A^i, $1 > -ig2 < ^1, ^1 > ■ 

The \ 5f \ Cf ^ for M^^) are of the form 
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A^^\X) = -2p2A - 2pi + 2p2qu Sr(A) = -A^ - y^X - hf 



(2), 
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Cr^(A) = A^ - |giA3 - |(4g2 + g?)A' + + 2gig2 - 2 < v&i, vj/, >)A 

-iiqt + M + hi - \ < A^i, ^1 > +\qi < ^1, ^1 > . 



(18) 



The Hamiltonian Hk^ for (|T^) and for the FDIHS obtained from with 
fco > 2 is not of the natural form. We shall use ( [TB| ) as a model to illustrate 
how to separate the Hamilton- Jacobi equation for the FDIHS which is not 
in the natural Hamiltonian form. 



2 The classical Poisson structure 

In this section we describe the classical Poisson structure associated with the 
Lax representation for (|l^) and (piBI) . 

With respect to the standard Poisson bracket, it is found by a direct 
calculation that both A^^\ B^^\C^^'^ and A^^), S^^), C^^) satisfy the following 
relations 

{A(A),A(/.)} = {i3(A),S(/x)} = 0, 

{C(A),C(/.)} = 2^?('=o)(A,^)(A(^) _ A(A)), 

{A(A),S(m)} = ^(S(;.)-S(A)), (19) 

{A(A),C(/i)} = ^(C(A) - C(/i)) + (7('=o)(A,^)i?(A), 

{5(A),C(/i)} = ^(A(/i)-A(A)), 

with 



g^^\X,n) = qr-X-H. (20) 



We use the standard notation ak-,k = 0,1,2,3 for the Pauli matrices and 
c"± = |(c'"i ± ^o"2)- In the following let P be the permutation matrix 



1 3 
^ k=0 



1 ^ 
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Denote either M(°) or M^^) by M. Set 

Mi(A) = M(A) ® /, M2(/i) = /® M(/i). 



(21) 



(22) 



Then we obtain from (p!9| ) that the classical Poisson structure for both the 
system (O) and (ll6D can be written in the form 



{Mi(A), M2(/i)} = [ri2(A, /x), Mi(A)] - hi(A, ^i),MM 



(23) 
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with the r-matrix ri2(A,/i) given by 

A. u,)S. S = CT 6?) a . 

(24) 



ri2(A, fi) = - (?(^«)(A, fi)S, S = a_(^a. 



r2i{\fJ-) = ri2{>^,fJ') = Pri2(^, A)P = ri2(^, A). 
The r-matrix ri2(A, fi) depends not only on the spectral parameters but also 



on the dynamical variables. The classical Poisson structure ( p3D contains all 
neccesary information concerning the considered system and is more rich in 
content than the Lax representation An immediate consequence of (p^) 
is that 



{Mi2(A),M2(/i)} = [ri2(A,^),Mi(A)] - [r2^iX, fi), M.if,)], (25) 



where 



1 1 



(A,/.) = J2Y.Ml-'WMtK^^)r^AKf^)M^{X)MU^^). (26) 



fc=0 1=0 



Then it follows from (|25|) immediately that 

A{TrM\X),TrM\fi)} = Tr{M',iX), M^ifi)} = 0, (27) 

which esures the involution property of the integrals of motion. For example, 
for system (|1^) one gets 

TrM^X) = (A(2)(A))2 + B^^\X)C^^\X) = -X' - H^X^ + F(°) + ^ 



j=i ^ - \ 
(28) 

where 

-(^?? + 1^291 - i < ^1, ^1 >) < ^1, ^1 > -| < A^2, ^2 > 

-\qx < ^2, ^2 > -2p2 < ^1, ^2 > +4p? + |g?p2 _ 8qipiP2 

+^^? - M^il + is'it<i2 - 2piq2 - yi 

F(^) = (-2p2A, - 2p, + 2gip2)V^i,^2, + [-|Aj + i^iAf + ^(4g2 + g?)A2 
-|(g? + 2^291 - 2 < ^1, ^1 >)A,- + ^qf - 2pl - \ql + \ < A^i, > 
-\qi < ^1, ^1 >]^2^. + {-\X] - \qiXj - \q2 - ^g?)^|, 
+ i Ar^(^ii^2fc - ^/'lfc^2i)^ i = 1, ■ ■ ■ , A^. 

(29) 
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(31) 



Then (^7|) and ( |28D guarantee that the functionally independent integrals 
of motion H2 and F^^\i = 0,1,---,N, are in involution. This shows the 
integrability of ( ]T^ in the sense of Liouville [|T| . 
Let us denote 

Mi(A) = M(A) (g)/®/, M2(/i) = /® M(^) ®/, M3(z/) = /(g)/(g)M(z/), 

Pl2 = P®/, P23 = I^P, Pl3 = |ELo^fe®^®^fc, 

S'i2 = S'(g)/, 5*23 = /® 5", 5*13 = a_ (g) /(g) 

(30) 

The Jacobi identity for Poisson bracket can be written as 

{Mi(A), {M2(/i), M3(/v)}} + (Msiu), {Mi(A), M2(/i)}} 
+{M2(/i),{M3(z/),Mi(A)}} = 0. 

One gets the following constraint on the r-matrix from ( pT]) 0] 

[Mi(A), [di2{X, ^),di3{X,u)] + [di2{X,fi),d23{fJ-,iy)] + [d32(«^, /i), rfi3(A, z/)] 
+{M2(/i), (ii3(A, i^)} — {M3(z/), c/i2(A, fj,)}] + cyclic permutations = 0. 

(32) 

In our case we can show that 

f^) = x;hr)P^3 - ^?^'°nA, ^ASii, ^^^^ 

dji{X,fi) = d^j{X,fi), i<j, i,i = 1,2,3, 

satisfy the following classical Yang-Baxter equations of dynamical type for 
the r-matrix 

[(il2(A, ^), rfi3(A, U)] + [di2(A, yU), d23(/U, i^)] + M32(Z^, ^), rfi3(A, u)] 

+{M2(Ai),rfi3(A,z^)} - {M3{ij),du{X,fi)} + P^''^So,M2{fi)-Ms{iy)] = 0, 

(34) 

plus cychc permutations, where 

^(0) _ 2, /3(2) _ 5*0 = a_ (g) (T_ (g) a_. (35) 



So (|33| ) offers solutions to the classical, dynamical Yang-Baxter equations 
(|34D. These equations have an extra term [Sq, Mi — Mj] in comparison with 



the extended Yang-Baxter equations in 
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3 Separability of the Hamilton-Jacobi equa- 
tion 



By using ( |16|) as a model, we illustrate how the Hamilton-Jacobi equation can 
be separated. In usual way [||, we introduce new coordinates ui, - ■ ■ , un+2 
defined by the zeros of B^'^\X): 

- B<^'(A) ^ + 1,.A + li + i,. + if: ^,,1 ^ m. (36) 

where 

N+2 N+2 

R{X) = n - = E (-l)^AA^+^-\ (37) 

k=l 1=0 
N N 

K{x) = n(A - A.) = E(-l)^«^A''"^ (38) 

j=l j=0 

and ao = = 1, 

«1 = Y^iLl -^ii "2 = Sill Y^jj^i AjAj, /3i = I]ilt^ '"ii 
/32 = Eilt^ Ej^iUiUj,---- 

From (^), we obtain 

1 3^1 1 



(39) 



«fc + 2^iWfc + + + 2 E ^T^X^ij = 0' k = !,■■■, N + 2, (40) 



Throughout the paper the prime denotes differentiation with respect to A. 
For each Uk let us define the additional variable Vk as follows 

1 ^ 1 

Vk = A(2)(Mfc) = -2p2Uk+2qiP2-2pi + - J2 r^ii^2i, k =!,■■■, N+2. 

2 Uk — Aj 

(42) 

Notice that A{X) = -^d^B{X), we find from (||) 

We now show that the variables Uk and Vk are canonical ones: 
{wfc,Wj} = 0, {uk,Vj} = 6kj, {vk,Vj} = 0, k,j = l,---,N + 2. (44) 
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Equation ( ^0]) implies that Uk depends only on qi,q2, "ipij, so the first equality 
in (Q) holds. From (|T^, one gets 



{B{X),Vk} = {BiX),Aiuk)} = {BiX),A{fj.)}^=u, + A'iuk){B{X),Uk} 
= ^5(A) + A'M{S(A),M, 

(45) 

and 

= {B{uj),Vk} = {5(A), Vk}x=u, + B'{uj){uj, Vk}, (46) 
which lead to 



~^>7)K^K)>«fc} - B'{uj){uj,Uk}] = Skj. 
Then it is found from ([T9| ) 

{vk,Vj} = {A{uk),A{uj)} = {A{X),A{n)}x=u,„^,=uj 
+A'{uj){vk, Uj} + A'{uk){uk, Vj} - A'{uk)A'{uj){uk, uj} = 0. 



(47) 



(48) 



This completes the proof of (^4|). 

In order to establish the Hamilton- Jacobi equation in new coordinates Uk 
and Vk, we have to express H2 in terms of and Vk- 

Multiplying both side of (|36D by K{X) and comparing the coefficients at 
A^+i,A^,---, we obtain 

gi = 2(ai -/3i), q2 = -2a2 + 2P2 + 4:ai(]i - SPf - al 

(49) 

< ^1, ^'i >= 2{a3 - /?3 - 2aia2 + /3ia2 + p2ai - (3ial + a?), 

and similar formular for < A\E'i,\E'i > and < A^\E'i,\E'i >. Notice ([T5|) and 
"02^ = it follows from (0) and (^91) that 



^ l-^iJ fc=i «fc - ^ k=i - Aj 

2 N+2 N+2 N+2 

Pi = o*?! H '^k,x + jYl ^kUk,x, P-2 = jY. '^k,x, (51) 

° k=l ^ k=l ^ k=l 



which together with (p6D, (^0]) and (p3D gives rise to the expression of the 
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terms in H2 containing pi,p2 and \I/2: 



2 ^ ^ 8 ^fc=l ^(T^fc ^J=l ^Ij Lufc-Aj Mi-AjJ 

, 2 y-7V '''' 



8 2^k=l ^k,x I dA ^j=l A-A, I 

\ / \=Uk 

— 2 ^fc=l '^k,xUk l^l^k '^l,x + 8^1 ^fc=l '^k,xUl,x 

After substituting (^91), by a straightforward calculation, the other terms in 
H2 becomes 



-1^2 < ^1,^1 >= -E'=o(-l)'«i75-*, 

where 



(53) 



70 = 1, 7i = /?i, 72 = /32-/?2, j^ = (3f- 2(3,^2 + 03, 

l, = Pt- 3/^2/32 + PI + - /94, (54) 

75 = (3! - 40102 + ^0101 + ^0103 - 20,0, - 20203 + 05- 

In order to express the above formula in terms of Vk and u^, we consider 
an integral 

^il^^'A^g^^fl^M, (55) 

which is taken along the circle centered at origin and with a sufficiently large 
radius to contain all zeros of -R(A). The residuum at infinity Roo{m) is 
equal to a coefficient at of the expression of Then, using (p4D, (^) 
lead to 

N+2 m N+2 N+m+1 

V— 7^ = 0, m = 0,---,N, y \ , = 7m, m = 0,---,5. 

(56) 

Thus , due to (p2|), (EBf) and (p§), one obtains 



Af+2 5 
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The Hamilton- Jacobi equation for the action function S'(tti, ■ ■ ■ , ^ 
reads (using (0)) 

— Z^m=l "-m l^k=l R'{uk) ■ 

It is easy to see that the Hamilton- Jacobi equation ( |58D may be separated. 
Set 5(^1, ■ ■ ■ , UN+2) = J2k=i Sk{uk), then each Sk{uk) has to satisfy 



/i^o \ 2 5 N+2 
\OUkJ m=l 

(59) 

where hi, - ■ ■ , hN+2 are the constants of separation. Hence a complete integral 
of Hamilton- Jacobi equation (B3) may be written as follows 



^+2 r^k n(\] 

where 

5 iV+2 

G(A) = - 5:(-l)*a.A^+'-^ + E (61) 

i=0 m=l 

The constants of separation hi, - ■ ■ , /iiv+2 determined by 

5 N+2 

K{uk)vl + E(-l)'«.«r'"' = E ^-^r'"'", k = !,■■■, N + 2, (62) 

i=0 m=l 

provide a new set of integrals of motion in involution for (|1^). 

In the exactly same way, we can show the separability of Hamilton- Jacobi 
equation for the FDIHS's obtained from (|^) in the coordinates Uk defined by 
the zeros of 5('=o)(A). 
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